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We have studied the average properties and the topological correlations of computer-simulated two-
dimensional(2D) aggregating systems at different initial surface packing fractions. For this purpose, the
centers of mass of the growing clusters have been used to build the Voronoi diagram, where each cell
represents a single cluster. The number of s{gesnd the aredA) of the cells are related to the size of the
clusters and the number of nearest neighbors, respectively. We have focused our paper in the study of the
topological quantities derived from number of sides,and we leave for a future work the study of the
dependence of these magnitudes on the area of the &ells, this work, we go beyond the adjacent cluster
correlations and explore the organization of the whole system of clusters by dividing the space in concentric
layers around each cluster: the shell structure. This method allows us to analyze the time behavior of the
long-range intercluster correlations induced by the aggregation process. We observed that kinetic and topo-
logical properties are intimately connected. Particularly, we found a continuous ordering of the shell structure
from the earlier stages of the aggregation process, where clusters positions approach a hexagonal distribution
in the plane. For long aggregation times, when the dynamic scaling regime is achieved, the short- and long-
range topological properties reached a final stationary state. This ordering is stronger for high particle densities.
Comparison between simulation and theoretical data points out the fact that 2D colloidal aggregation in the
absence of interaction@iffusion-limited cluster aggregation regimeis only able to produce short-range
cluster-cluster correlations. Moreover, we showed that the correlation between adjacent clusters verifies the
Aboav-Weaire law, while all the topological properties for nonadjacent clusters are mainly determined by only
two parameters: the second central moment of number-of-sides distriutiorP(n)(n—6)2 and the screen-
ing factora (defined through the Aboav-Weaire equajidive also found that the values a§ anda calculated
for two-dimensional aggregating system are related through a single universal commcfmfprj?lgg, which
is independent of the particle concentration.
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[. INTRODUCTION most significant findings is the appearance of a maximum in
the structure factorlS(q) at finite g for long aggregation

The formation of colloidal monolayers is especially inter- times, which corresponds to a characteristic length scale of
esting due to the ability of colloidal particles to influence thethe system connected with the typical cluster-cluster separa-
stability of emulsions, foams, and interfacial properties. Partion. Moreover, the structure factor obtained at different
ticularly, the study of aggregation in colloidal systems con-times in the scaling regime can be expressed into a single
fined in two dimensions has drawn wide attention due to theime-independent common form. Also the topological prop-
interesting observed effects, such as fractal cluster growtbrties have been found to reach a final stationary values. All
[1-3] or mesostructure formatiof#,5]. At this respect, the these facts imply that the aggregation process induce struc-
structure of the clusters and the kinetic properties of the coturing not only inside the fractal clusters, but also in the
agulation process have been investigated by means of bothtercluster correlations, and indicate the necessity of being
experiments and simulatioi4—3,6. Theoretically, the suc- included in order to have a complete self-consistent theory of
cess of technics for treating phase transition phenomena h#éise aggregation phenomenon.
motivated the application of these ideas to the analysis of the A very useful tool to determine the correlations and or-
scaling properties of the cluster-size distribution in aggregateering in space-filling systems is the one based on the topo-
ing systemg7,8]. The results show that the morphology of logical properties. Topology is the mathematical study of the
colloidal clusters is fractal scale invariant, and it is related toproperties that are preserved through deformation, twistings,
the time evolution of the cluster-size distribution. and stretchings of objects. The study of the topological prop-

Some years ago, other interesting aspects of colloidal ccerties of such systems can be achieved with the help of the
agulation have been applied to the study of dense colloidaforonoi construction, which creates a division of the whole
suspension in two and three dimensions: intercluster spatiapace in irregular partition&ells). Such a method has been
[9-14] and topological orderingl15—-17. These recent pic- successfully used to describe the evolution of many natural
tures complement the ones given by the kinetics and fractaystems, such as soap frofd8-22, propagation of defects
growth description, and provide information about the orga4in foams[23,24], metallurgical grain$25], biological tissues
nization of the colloidal clusters in the space. One of thg26], crack patterns in cerami¢27], etc. Even though these
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systems differ in the way they evolyaitosis for biological ity. In this regime, colloidal particles freely move by Brown-
tissues, diffusion of gas between neighbor cells for soapan diffusion(without interparticle interactionsnd they be-
froths, etc), it is found that most of them arrive at a final come irreversibly stuck after collision. Therefore, the
stationary state where topological properties remain constan&ggregation process is totally determined by the time in-
Moreover, this state is described by the same common lawgolved in the diffusion of the clusters before they collide to
which come from maximum entropy predictiofig8,29.  form a new larger cluster. The clusters formed under this
However, all these works are essentially mean-field studiegonditions have an open structure, with a fractal dimension
and only account for correlations between adjacent cells. IQf 1-45 for two dimension$38] and 1.79 for three dimen-
recent fimes, the description of the long-range topologicaPioNS[39,40, while the master curve is bell shaped in both
ordering and the correlation between non-nearest neighboFsase.EU’S]' which means that the monomers and small-sized
have attracted interest and new theoretical methods based gREC!€S ar€ rapidly removed during the aggregation process

. : form larger clusters.
shell s_tructure have been applied to the understanding of the Another limit for aggregation is described by the reaction-
evolution of cellular systemi30-35.

. . limi I r-cl r r iofRLCA) model. In thi
In this work we focus our study on the topological prop- ted cluster-cluster aggregatiofRLCA) mode this

; i : . ) model aggregation is prevented by using a low sticking prob-
erties of tw_o—dlmensmnal aggregating systems. For this PUapility for two colliding aggregate$3]. Here, the kinetic
pose, growing clusters are substituted by convex nonoverlaps,operties and the cluster population are mainly determined

ping polygonal domainécells) that form a tessellation of the by the cluster-cluster reaction time, which becomes much
space where aggregation takes place. The number of sidggger than the diffusion time. In this regime, the master
and area of each cell denote the number of nearest neighboggrve shows a different shape: for two-dimensional aggrega-
and area filled by the real cluster together with its surroundtjon the bell-shaped form broadens significariéyi], while

ing depletion region, respectively. In our study we go furtherfor three dimensions the master curve becomes a monoto-
to the nearest-neighbor clusters and investigate the short- afus decreasing function of the cluster ig¢ That means
long-range ordering created by the aggregation process anfat reaction-controlled cluster-cluster coagulation leads to
how this structuring is related to the surface packing fractionmore polydisperse cluster-size distributions and, therefore, to
of particles. more disordered systems.

The paper is organized as follows. Section Il describes the The kinetic aspects are essential to understanaffirgty
basic theoretical aspects of aggregation kinetic and topologpetween clusters with different sizes and to give an estimate
while Sec. Il focuses on the long-range topological proper-f the total aggregation rate. However, the cluster-size distri-
ties. We tackle the results and discuss the most importarfytion n;(t) only gives information about the population of
remarks in Sec. IV. Finally, Sec. V details the conclusions. he different species formed during the aggregation process,

but not about the structure and distribution of these clusters
in space. In order to understand the short- and long-range

II. KINETICS AND TOPOLOGY OF COLLOIDAL structure of the whole system of clusters confined in two
AGGREGATION dimensions, a topological description is needed. By means of

The kinetics of aggregation processes are usually det_he Voronoi construction, each cluster is replaced first by a

scribed in terms of the cluster-size distributiém(t)}, de- point representi_ng _its center of mass, and t_hen, the space
fined as the number of cluster formed bindividual colloi- around each point is partitioned Into convex, wregglar poly-
dal particles. The time evolution of the cluster-size gons, calledcells W_hat we obtain after th's. mapping 1s a
distribution is strongly connected to the particle-particle in_dlsordered tessellation droth, where the or'|g|nal cI.usters
teractions, the spacial dimensionality, and the geometry ofre represented by nonoverlapping cells. Figure 1 illustrates

the clusters. One of the most studied properties derived frorft typical snapshot of the c_oIIoidaI clusters _and the froth de-
{n(1)}, is the weight-average cluster sigg: rived from this method during the coagulation process.
| ’ .

The number of sides of a cel, informs about the num-
sH=Xinw® /Din. (1) be_r of closest neighboring clqsters, while the area of the cell,
i =1 A, is related to the total area filled by the colloidal cluster and
o _its depletion region. The relative distance between two non-
Analogously, the number-average cluster size is defl_neﬁeighboring clusters is now represented by the topological
as $(t) =Zi=1ini(t)/Zi=;ni(t). For long aggregation times, it gistancej, defined as the minimum number of cells that we
has been observed experimentally and by simulations thahyst go through from a starting cell to a given final ¢ske
the weight-average cluster size develops a power-law behasg. ). The topological distance allows us to consider the
ior, §,(t)~t*, wherez is the so-called kinetic exponent. froth as a collection of concentric shells which are at the
Then, if one represents the functi&(t)’n;(t) versus a nor-  same topological distance from a censakd The main ad-
malized cluster size/S,(t), we see that all the curves can be vantage of using the topological distanpénstead of the
scaled into a single time-independent scaling functionmetric distance is the fact thaj gives an unambiguous and
W(i/Sy(t))=S,(t)?n;(t) Ot> 1 [7,36]. The shape of this mas- time-independent measurement of the coordination shell at
ter curve depends on the aggregation regime. which a cluster is localized in relation to a central one. For a
One of the most studied aggregation regimes is thesystem of growing clusters, however, the typical metric dis-
diffusion-limited cluster aggregatiofDLCA) [37], which  tance of a certain coordination shell is not a constant quan-
can be considered a reference process because of its simpliity, but it increases as the aggregation proceeds. The topo-
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cal properties of the cells become independent of the central
one. In fact, as we will see later, the cell-cell correlations are
negligible forj>2.

In two-dimensional coagulation the evolution of the cel-
lular pattern is ruled by two independent processes. The first
one is the diffusive motion of the clusters in the plane: every
time a cluster moves a large enough distance, a new rear-
rangement of the cells is found in terms of a local side
switching(also called T1 procegsThe second process takes
place when two clusters coagulate together to form a larger
cluster; here, one of the cells disappears and the surrounding
cells are accommodated to the new configurati®@ pro-
ces$ [21]. Both topological processes induce a topological
restructuring of the two-dimensional froth that is connected,
in general, to the physical conditions of the aggregating sys-
tem and, more specifically, to the aggregation regime and the
packing fraction of particlegs.

Since the aggregation process induces a disordered froth
with irregular cells, the number of sides and area of the cells
will be statistical properties distributed accordingRn,A),
defined as the probability of finding a cell nfsides and area
A. Analogously, we can obtain the probability of finding an

FIG. 1. Typical snapshot of a two-dimensional system of aggre-n's'd'ad (?ell asP(n)=ZP(n,A). The topology. Of cellular
gating clusters and the subsequent Voronoi diagram built up fronPatterns imposes some constraints on the distribugion.
their center of masses. Defining the average area of amsided cell asA(n)

=2,AP(n,A), we have that
logical distance also gives a good characterization of the
correlation between any couple of cells of the frdtle., > P(n)A(n) = ﬁ, 2)
correlation between two colloidal clustgrsindeed, any =3 N.
modification in the shape or the number of sides of a particu- ) )
lar central cell produced by the motion and/or aggregation ofVh€réA is the area of the whole froth ard is the total
the colloidal clusters will have more influence on the cellshumber of cells(i.e., colloidal clusters One of the other
placed at small topological distances. For lajghe statisti- important constraints which holds for the case of Voronoi
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diagrams formed by trivalent cell's vertexes on a Euclidean
two-dimensional space is the so-called Euler thedé2h It
states that the average number of sides of a cell is 6:

(Ny=2> P(Nn=6. 3)
n=3

One of the most interesting quantities derived from the
probability distributionP(n) is its second central moment,
up=(My—(nY2==,_5(n-6)?P(n), which can be understood
as an estimate of the degree of the disorder in the froth.

In principle,n andA are both essential to give a complete
description of the froth. However, only one of them is really
necessary since these quantities are in fact strongly corre-
lated through the Lewis’ law, which states that the mean area
of the n-sided cells shows a linear dependencenpi\(n)
=k(t)(n—ng) [43]. Here, k(t) increases with the aggregation
time whereas is found to be a constant val(i&6]. Hence,
the number of sides is sufficient to give a good represen-
tation of the froth and the cluster-cluster correlations.

The study of correlations between the shapes of two
neighboring cells in the froth can be easily done with the

FIG. 2. Cell structure and defects around a given central cellnelp ofmy(n), defined as the average number of sides of the
The number inside the cells is the topological distance from theadjacent cells ofi-sided cells. From space-filling conditions

central cell. The grey cells represent topological defects. Fhe “
“—" symbol represents the convégoncave vertexes of the first

layer.

follows the result that large cells.e., with many sidestend
to be surrounded by small cells. This intuitive property can
be expressed in a semiempirical law called Amav-Weaire
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law [44,45], which states that on averagg(n) is linear in Cj(n,m): probability of finding anm-sided cell at a dis-
1/n: tancej from ann-sided cell.
Vj+(n): average number of convex vertexes going from the
my(n) = (6 —a) + %’ (4) j layer to the(j+1) layer around am-sided central celirep-

resented as- symbols in Fig. 2
where 1, is again the second central moment anés the V;(n): average number of concave vertexes going from
screening factor. This law can be exactly deduced from th&h€] layer to the(j-1) layer around am-sided central cell
evolution of an ideal froth where the T2 transformations arellepresented as symbols in Fig. 2 -
restricted to the disappearance of three-sided cells, which AS we will see later, most of this quantities are connected
gives a screening parameter @£ 1 [28]. In many natural among them. In par't|cular, it is specially interesting to write
froths a is of the order of 1[45]. For two-dimensional co- down the relationship between the topological charge and the
agulation, however, the T2 processes are due to the aggregamber of convex and concave vertexes, which r¢adb

tion between pair of clusters. That allows the removing of (M) =6 =\ () +\/
cells with more than three sides, so the screening factor can Q=6 V;'(n) Vi ®
take, in principle, values different to 1 too. We can define the correspondimgaverages ofK;(n),

m;(n), andQ;(n), which no longer depend on the number of
sides of the central cell—i.e(Kj)=2,-3K;(n)P(n), (m;)
I1l. LONG-RANGE TOPOLOGICAL CORRELATIONS OF ZEnzgmj(n)P(n), and <Q,—>:En:3Qj(n)P(n). We can intro-

THE VORONOI CONSTRUCTION duce the fluctuations of the topological charge as

As we have seen in the previous section, the analysis of _ B
two-dimensional cellular patterns can be performed by T =Qm = (Qy- ©)
means of several laws regarding the evolution of the probin the particular case of a froth where the Aboav-Weaire law
ability P(n) and the correlations between adjoining cellsholds, it can be shown that the fluctuation at the first layer
(Aboav-Weaire law. However, these descriptions are mean-j=1 is given by
field treatments and do not include the correlations between _
nonadjoining cells. In order to describe the correlations be- Iy =(1-2a)(6-n). (@)
tween any pair of aggregating clusters in the whole system, By definition, a froth is completely uncorrelated when the
we need the topological distance. In general, any trivalenprobability C;(n,m) factorizes a§34]
froth can be studied by means of a shell structure around a
central cell. The first layefwith j=1) corresponds to the CU(n.m) = P(n)P(m)K'(n)K'(m) ®)
nearest-neighbor cells, the second layer to the cells adjoining e <K,->2

the first layer, etc. n,m_ un, ;
This decomposition of the plane in concentric regions al-1€NceA" =Cj(n,m/C;"(n,m) is a measure of the correla-

lows us to systematically explore the long-range orderindgons between cells. 'Bﬁ'm is lower than 1 for some particu-
induced by the coagulation process and to measure the topt® Value ofj, it means that these kind of cells “repel” each
logical distances at which a colloidal cluster “feel” the pres-Other in a topological sense. On the contrary, "> 1 we
ence of a second cluster. From a topological point of view/inNd an attraction of affinity between andm cells at a dis-
what we are looking for is to describe how the fact of having!@NCel- In particular, forj =1 the Aboav-Weaire law imposes

ann-sided cell affects the whole froth and to give an estimate? attraction between dissimilar cells and repulsion between
of the topological distancg=¢ where the correlations van- Cells with the same number of sidgs=m). At large enough

ish. If ¢ is large, then the cells in the froth are strongly topological distance$j>1) the correlations vanish and so
correlated and mean-field models break down. On the cong?fxﬂl-

trary, for £=1 only the adjoining cells are influenced by the ~ In any two-dimensional Euclidean system the number of
central seed, and fa=0 we find a totally uncorrelated sys- Cells per layerK;(n), tends to be a linear function of the
tem (topological gas topological distance foy>1:

Kj(n)=Cj+B(n), j>1. (9

A. Definitions and basic properties Since at such large distance the froth is also uncorrelated

Some j-dependent topological quantities are required in(j > &), it follows thatC must be a constant number indepen-
order to describe the structure of concentric shells. Here wdent of the number of sides of the central cell. Analogously,

will follow the notation introduced in Ref.32]: the shape of the central cell is irrelevant at lajgand so the
K;(n): average number of cells in thielayer around an average number of sides of tiayer cells{m;(n)] is simply
n-sided central cell. given by the average number of sides of the whole system:

m;(n): average number of sides of the cells in fhayer i.e.,
around am-sided central cell. o o

g=6-n: topological charge of an-sided cell. m(n)=(m=6, j>1. (10

Qj(nN)=Z[6-m(n)]K;(n): total topological charge of An important statistical property is the so-called general-
the cells that go from the central seed to fHayer. ized sum rule of Weaire, which states that

041401-4



SHORT- AND LONG-RANGE TOPOLOGICAL. PHYSICAL REVIEW E 71, 041401(2009

((my(n) = n)K;(n)) =0. (11) Vi (n) = K$Kn) = K;(n) - Kf'(n), (14)

This rule holds for any value of the topological distarjce together with Egs(5), (6), (11), and(13), and following the
and for any kind of froth. By using this general property anddeémostration given by Astet al.in Ref. [32], we find that
assuming that we are injalayer where the cells are uncor- the number of cells of the second and third shiglsn) and
related from the central celj > ¢), one finally obtains the Ks(n)] can be approximated by

following expression for the topological fluctuations: Ky(N) = 12+ + (2 = a)(N = 6) + (1 n)Kg(n),

[j(n) =T, +((6 _n)Kj(n)>|:m - 1} j>¢&

— )2
<Kj> M)(n_@

12+,
= K3 + (1 = pK§(n). (15)

From these equations, we can obtain an explicit expres-
sion for the asymptoic value of the average topological
We can distinguish two different types of cells in ajy charge(Q;). Using the definition of the topological charge

layer of the shell structure. The cells connecting neighborgind the generalized sum rule of WedjiE. (11)], we obtain
from the layersj—1 andj+1 belong to theskeletonof the

froth. The cells that have neighbors in tfje-1) layer but not (Q)) —(Qy-v ={[6 ~my(M)K;(n)) = ((6 ~n)K;(n)).

in the j+1 are calleddefects Figure 2 illustrates an example (16)

of a shell structure with topological defecray cellg. The
total cells of aj layer will be separated into skeletcﬁK]—Sk)

Ks(n)=18+(4-a)u, + (3 -2a+
(12

B. Topological defects

In the asymptotic limitK;(n) is given by Eq.(9). Hence,

and defectiveK}j types—i.e.K;(n) =K +K(n). (Q)) = (Qj-1) = {(6 —n))Cj +((6 —n)B(n))
Topological defects are in fact folds of the shell structure _ C
and, asu,, give a rough estimate of the degree of disorder in =({(6-nBM), j=¢ 17

the froth. Indeed, they are not present in perfectly ordered As can be seen, the differen¢®;) —(Q;-1)) is indepen-
froths (as hexagonal or rectangular lattigdsut only in such  gent of the topological distance. In other words, the topologi-

systems where the Voronoi diagram is not constituted bya| charge inside a layer is constant. Assuming now ¢hat
regular cells. In our case, the Voronoi construction derived-2 and using Eq(15), we have

for a time-dependent two-dimensional system of aggregating .
clusters is definitively a nonordered process, so the quantifi- (Q)) = (Qj-) =((6 —MKy(N)) = -2 -Au,, =2,

cation of the number of defects during the coagulation will (18)

give a characterization of the evolution of the cluster-cluster o

correlations. where the contribution of the defects has been neglected. By
Without defects the outgoing convex vertexes from jthe iterating last expression, it follows that

layer are equal to the incoming concave vertexes to(the (Q)=-2-a)ulj ~ 1) +(Qp), (19)

+1) Iayer—i.e.,vj*(n):\fjﬂ(n). However, if topological de-

fects are present in the froth, part of the outgoing vertexed/here(Qy) is the average topological charge contained up to
are trapped in the defective cells. In this case, the previouthe first layer. It is given byQq)=(6—n)+([6—-my(n)]n)
relation does not hold any more and a correction must be((6-n)n)=-u,. The final form for(Q;) is then

included in order to consider the lost of outgoing vertexes.

One obtains <QJ> == MZ(Z _a)j +(1- a)/'LZ- (20)
d By combining Egs(5), (13), and(14), the following ex-
W+1:W = 7Kji, (13 pression for the average topological charge in jthayer is
found:

where 7 is the average number of sides lost in one defect.

Note that we have explicitly omitted the dependencey @i (Qp=(6-V/ +V))

the n_umber_ofIS|des of the centralise(eai an_d the topologi- =6+(-V,, — an+1+ Vo)

cal distancg since the value of this quantity is found to be J !

rather constant for all the defects in the whole system and =6 +(K; —Kj1 — K}’+ (1- W)K?ﬂ)- (21)

close to 1.

We can deduce an analytic expression@ithe slope of
K;(n) for large j, by taking the asymptotic limif>1 and

C. Particular case: §=2 using Egs(9) and (20) in Eq. (21):
If we hav_e a system where the adjoining cells yerify the —(2-a)uyj=6-C+(1- n)KJdﬂ_ K]F’. (22)
Aboav-Weaire law and where the cell-cell correlations van-
ish after the second layef=2, then it is possible to find It is appropriate to define the proportion of defects in the
simple expressions for the most important topological quanj layer as the ratio\,:(K?)/(Kj}. With this definition and
tities. Using the exact relation using Eq.(9), the last equation can be written as
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—(2-a)py) =[(1 = Aj1 - AJICj+(6-C)
+(1-n)Aj(B+C)-AB. (23

In the asymptotic limit, the proportion of defects converges
to a constant value independentjofim;_., A;=A. Hence,

- (2-a)u,j = nACj + const, (24

where const is a value independentjofThe matching of
both terms forj>1 imposes the following identity for the
slopeC:

_ (2-a)u,
pA

which predicts thaC is directly correlated to the short- and FIG. 3. Time evolution of the weight-average cluster size ob-

ang-rar!ge disorder of 'the frothu, and A, respect?vely tained from DLCA simulations for five surface packing fractions. At
Finally, if <Ki> shows a linear d.ependenc.e already jfor2, long times,S,(t) shows a power-law behavigscaling. The cross
then the average number of sides lost in defegtsan be  symbols represent the scaling tirmg

approximated by32]

C (25

Ma(2 - a) D~ 1/R,. To move the aggregates they are selected one by
n= m- (26) one for a movement test. A random numigamiformly dis-
2 tributed in[0;1] is generated. IE<D/D = (Rymin/ Ry, the
In the next section, the short- and long-range topologicatluster is moved in a random direction. §&D/D,,, the
properties derived fronP(n;t) and the correlations between cluster does not moveD,,,, is the largest diffusion coeffi-
neighboring and non-neighboring cells of the shell structurecient and(Ry)min the smallest radius gyration in the whole
will be studied for two-dimensional aggregation processessystem of clusters. Whether the cluster moves or not, the
Since colloidal coagulation is a time-dependent process, bottime is increased by
the probability and cell-to-cell correlations will be a function
of the aggregation time. Thereforg(n;t) will be the prob- At = 1 _
ability of finding ann-sided cell at timg, K;(n;t) will be the NDmax
average number of cells in thdayer around am-sided cell
at timet, and so on.

(27)

A collision is considered to occur when a moved aggre-
gate overlaps another one. Then, the position of the moved
cluster is corrected backwards along the direction of the
movement as far as the surfaces of both clusters are in con-
IV. RESULTS AND DISCUSSION tact. These contacting clusters are joined to form a larger

The purpose of this work is to study how the aggregatiorf'USt_er that will continue the diffusi\{e_ motion in the follow-
process affects the topological properties of a system of col'9 time step. FQF DLCA'every Colll§lon produces coagula-
loidal clusters. The topological correlations will be then ation. More technical details of the simulations can be found
direct consequence of the spatial structuring of the spacdl Ref.[16].
filling system of clusters. We have neglected the particle-
particle interactions in order to pick up solely the effects of
the pure diffusive aggregatio(DLCA) and the monomer
concentration on the behavior of the topological properties.
Brownian dynamics off-lattice DLCA simulations were per-  In Fig. 3, the weight-average cluster size is plotted as a
formed, in a square box of side by considering a total function of the aggregation time for the five surface packing
number of monomers dfl,=30 000 with a particle diameter fractions.S,(t) monotonically increases as time goes on, and
d=735nm and for five different packing fractiongh;  after the so called scaling timg. (see cross symbalsit
=Nymr2/L2=0.005, 0.01, 0.03, 0.06, and 0.1. In the initial reaches the scaling behavior given by a power-law growth:
state, monomers were placed at random avoiding particleS,(t) ~t% For higher particle concentrations the aggregation
particle overlapping. Periodic boundary conditions are im-process is faster, and consequently the scaling region is
posed at the boundaries of the simulation surface. The simunanifested at shorter times with a larger kinetic exporzent
lations were stopped when the number of clusters wap46] (see Table)l
around 1500 aggregates. For the entire surface packing frac- After this brief description of the kinetic properties, we
tions considered this condition is enough to reach the scalingill focus on the topological aspects of the aggregation pro-
time and it is a warranty to have good statistics for all ag-cess. For all the studied situatiofis., different times and
gregation times. initial particle concentration conditionsthe probability of

The diffusion coefficient(D) of a single cluster is ob- number of side$(n) was a centered distribution around the
tained from its radius of gyratio(R,) assuming Stokes’ law maximum value an=6 and the first moment verified the

A. Topological ordering between nearest neighbor clusters in
the scaling regime
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TABLE I. Kinetic exponentz and scaling timdg for the five
surface packing fractions studied in this work.
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that aggregation induces stronger topological ordering for
dense colloidal suspensions than for the dilute ones.
In terms of the intercluster structure, this ordering is

os z (0.0 tsdS) linked to the growth of the colloidal clusters and the exis-
tence of free space between them. Clusters are noncompact
0.005 0.60 101.7 . . . .
fractal-type structures with a special ability to fill the space
0.01 0.61 55.8 even for a relatively small number of particles. The typical
0.03 0.63 17.1 distance between the surfaces of two nearest-neighbor clus-
0.06 0.68 7.4 ters[rg(t)] is given by
0.10 0.76 3.8

Euler theorem(n)=6). The second central momep}, de-

rs(t) = rcc(t) - 2R(t)1

wherer(t) is the average distance between centers of the

(28)

termines the dispersion &f(n), so it can be regarded as the clusters andR(t) is the characteristic cluster radius.is a
key quantity to characterize the global topological disordemmeasure of the size of the depletion zone around a cluster.
of the system of clusters. As shown in Fig.#4, decreases The cluster growth is achieved at the expense of the sur-
with time for all cases for short times. However, after a cer-rounding particles and clusters, which are mopped up after
tain time which corresponds to the scaling timgeit finally ~ diffusion through this depletion distance. When the dynamic
reaches a roughly time-independent value. This long-timescaling is established, the fractal dimension of the clusters
behavior has been previously observed by several authois a well-defined quantity an&(t) scales with the number-
[15,17,19. Indeed, experiments on soap froths indicate thataverage cluster size @&(t) ~ S,(t)d. The center-to-center
as time goes on, there is a final state where the topologicalistance is, however, given by (t) ~ S,(t)2. Sinced;<2,
properties reach stable valugd2]. Some experiments of we observe thaR(t) grows faster tham(t). At very low
two-dimensional colloidal coagulation performed by Earn-particle concentrations, this effect is not really important
shaw and Robinson also show similar topological results fosince the average cluster-cluster distance is much larger than
t>1. [15]. the cluster radius at any aggregation time. However, for
The decrease qf, reveals that the clusters formed in the higher particle densities, the free space available between a
DLCA regimen tend to adopt a hexagonal-like structure agluster and its nearest neighbors becomes rapidly small com-
the aggregation proceeds; i.e., the aggregation process ipared to the effective surface filled by the fractal clusters.
duces a topological ordering that is intimately related to theThen, the cluster structure is able to induce spatial order in
spatial organization of the clusters in the plane. As soon aghe cluster localization: the surrounding clusters around a
the scaling of the cluster-size distribution is manifested, theentral one tend to adopt a more closely packed two-
topological ordering ends and the system of aggregatingimensional structuré&he more particle density we have, the
clusters reaches a final stationary state with constgnt stronger is the intercluster orderingdopologically, it yields
Therefore, the dynamic scaling can be understood as a “stghe increase of six-sided cell probability and the subsequent
tionary” state in a topological point of view. Our simulation reduction ofu, for more dense systems and long aggregation
results also show that the final stationary valueugfde-  times. Since this effect is a consequence of the trend of frac-
creases as the particle concentration incredé@sn w, tal clusters to fill up the whole space, we do not expect the
=1.42 for ¢s=0.005 tou,=1.07 for ¢s=0.1), which means same spatial organization when clusters are not fractal. This
is the case of aggregation into a finite energy minimum,

7 ' T ' ' ' which allows the colloidal particles to rearrange inside the
164 e i cluster and to form more compact structufég.
. . A "o - . . . .
. . RS The final stationary value fot, obtained during the scal-
154« - “AA 5 S N . ing regime seems to be an intrinsic property of the self-
v o a oo " . assembly of the clusters linked to the value of the average
. . . g e . .
41 e i N oo ] fractal dimension of the cluster. In fact, we expect departures
3 13 DLCA&*-{ e Ma ) from our results foru, at very high particle densities and
1. ¢=006‘;~.__ . v(;\;x_‘ : e long times, when the aggregating system is close to undergo
120 4o 0.01 ‘ v g 4 - gelation(rg= 0), since the clusters lose their individual frac-
s ¢:= 0.03 "..,‘ . e T tal character and become homogeneous structiwik d;
111+ 4-0.06 g ] =2).
. 0.10 A similar steady-state behavior is found for screening fac-
0.001 001 0 1 10 100 1000 tor a obtained using the Aboav-Weaire law and the average
t(s) number of sides of the nearest-neighbor cells ohasided

FIG. 4. Second central moment &f(n) as a function of the

cell, my(n). The inset in Fig. 5 showsy(n) as a function of
1/n for the particular case ap;=0.01 after the scaling time

aggregation time for five surface packing fractions. After the scaling(Similar curves are found for the rest of particle concentra-
time u, reaches a final stationary valudashed lines are only tions and aggregation timesThis means that large clusters
guides for the eyes

(with many number of sidegend to be surrounded by small
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FIG. 6. The simulategk, anda/ u, data at any time and for the

. S five studied particle concentrations lie in a universal common form:
to the Aboav-Weaire lajcf. Eq. (4)]. After the scaling timea also al y=1.17,) -8 In this plot, the, axis is representative of the

reaches a stationary valudashed _Iines are only guid_es for the time axis, but in the opposite direction.
eyes. Inset: average number of sides of the cells adjacent to an

n-sided cell calculated for$s=0.01 after the scaling timet
=893 9. The straight solid line represents the fit using the Aboav-
Weaire law.

FIG. 5. Screening factax calculated by fittingm,(n) according

the two nearest nonadjacent layers with respect to the central
seed:K,(n) and Ks(n). Figure 7 shows an example of the
dependence of the simulat&gd(n) andK;(n) on the number

of sides(symbolg together with the theoretical prediction
(lines) deduced for froths where the cell-cell topological cor-

o . : relations vanish after the second laysee Eq.(15)] and
(solid line\. As observed, simulated and theoreticaj(n) where the first cell is correlated according to the Aboav-

?r?fge) v\ﬁ:grgxggp;rft(tjjrrégefrgem”ihv(\a"t,zbzi;?fv&]euarir;gerrggiilt?oerfweaire law. As observed, this theoretical model reproduces
P P fairly well the simulation data, although some departures are

are found due_to statistical u_ncertamtles. . . found for cells withn=9 as a consequence of the failure of
The screening factaa obtained from the fits ofmy(n) is (i!]n

. o he Aboav-Weaire law for such many-sided celiee the
not an independent property but it is also strongly correlategh, oot of Fig. 51 Although the complete set of results is not

to the topological order of the system. InfacF, for mosft.of theshown, similar agreement between theory and simulation

froths with weak and moderate d|sorde?]3_,|s ahp0§|t|v9 was found for all aggregation times and particle densities,

quantity and grows ag., decrease¢48]. This behavior is g 5horting the idea that the aggregation process is incapable
also found for the particular case of two-dimensional colloi- ¢ producing correlations fof>2. Moreover, the values of

dal coagulation. Indeed, as observed from Fig. 5, the param n) andKs(n), which characterize the shape of the second

etera first Increases f_or times below the scaling time an.dand third layers of the shell structure, are basically given by
arrives at a rather stationary state when the dynamic scaling

is established. The final value ef increases with particle .
density, going froma=0.91 for ¢s=0.005 toa=1.07 for ¢ 1" K
=0.1. Moreover, if we represent the simulated values/gf, 51 %EZ; Z;;Zr,};ﬁon e
for all times and for the five different surface packing frac- 1 K (n) theory L
tions of particles as a functiom,, the results lie in a univer- ] ? T

sal curve(see Fig. &, given bya=D(u,)"=1.17u,) %8 A
similar universal behavior is found for other natural or
computer-simulated froth systems but with different values
of D andw [35,48. Since the exponent may be considered

as a universality class feature of the froth evolution, we de-
duce that the topological structuring induced by two-
dimensional aggregation processes corresponds to a unigue
universality classw=-0.89 which no longer depends on T 4 & & 7 & s 10 a1
the monomer density, but it is a general property linked to
the space-filling aspects of the cluster growth.

ones(with low n). Together with the simulated data, we rep-
resent the fit using the Aboav-Weaire law given by E4).

R T R T T T T T
simulation

e 4

20 1

Y

K(n), Ky(n)

FIG. 7. Dependence of the average number of cells in the clos-
est nonadjacent layers to the central oikg(n) and K(n), on the
sides numben for DLCA simulations with¢s=0.01 after the scal-

This section extends the study of the topological propering time. The solid lines represent the theoretical expectations ob-
ties beyond the first nearest-neighbor cells. First we investitained using Egs.(15). Similar fittings are obtained for all
gate the average number of cells aroundnasided cell for  simulations.

B. Correlations between nonadjacent clusters
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FIG. 10. Proportion of defects as a function of the topological
distance obtained for a DLCA simulation wit#s=0.005. In the
scaling regime (t>t;;~1009, the curves become time
independent.

topological properties related to single-cell averages an@egligible if the topological distance between them is larger
first-layer correlations, as the second central momerdnd  than 2. This conclusion has been independently confirmed by

a. i measuring the probabilitie§;(n,m) for several values of
In the next step we go beyond the first three nearest layergnqm (not shown. Indeed, the amplitude of the oscillations

vyith the aim' of studying the 'Iong—_range topologipal proper- o ?‘mzcj(n,m)lc}‘”(n,m) is only important forj=1,2 and
ties and their asymptotlc_llmlt. Using the quantities defmedbecomes insignificant for>2. Furthermore, since EG20)
in Sec. lll, we can describe the long-range ordering of thg,4q tor all particle concentrations and aggregation times
froth induced by the aggregation process. First of all, W&y fqre and after the scalingve conclude that the aggrega-
start our analysis W'_th the average _number of celp and tion process is only able to induce short-range intercluster
the average topological charg®). Figures 8 and 9 show & cqrelations(up to j=£=2) even at high particle packing
typical example of the dependence of both quantities on thgaction: clusters in the third layer do not feel the properties
topological distance for the particular cased@f=0.06. On  of 5 given central one.
the one handK;) shows a linear growth with the topological e now turn to the study of another important aspect of
distance after the second laygr>2). On the other hand, the the froth: the topological defects. Their presence in the shell
topological charge decreases also linearly witMoreover,  structure has a dramatic influence on the cell assembly. In
(Qp is well described by the theoretical prediction fact, for froths with large values of the proportion of defects,
(Qp)=-mo(2-a)j given in Eq.(20) for froths where the cell-  A;, the cell-cell correlations drop off very fast with the topo-
cell correlations vanish after the second layer. Similar resultéogical distancej. It means that cluster-cluster correlations
are found for all times and other particle densities. beyond nearest neighbors are mainly dominated by the per-
Both results corroborate an already mentioned fact: theentage of defects.
spatial and topological correlations between two clusters are Figure 10 shows the proportion of defects as a function of
j for several aggregation times for the particular caseof
=0.005(similar curves are found for the other particle den-

FIG. 8. Dependence of the average number of ¢&J$ on the
topological distancg for DLCA simulation with ¢»s=0.06 after the
scaling time(K;) grows linearly forj>2.

0 T T T T

DLCA ¢,=0.06 sities. In all casesA; increases withj, and for large dis-
= simulated data tances it reaches an asymptotic constant valuyw/hich fea-
-5 , E .
— (2-a)j tures the long-range shell structure. As the coagulation

progresses, the whole curves go down and reach lower val-
ues of A. This decrease of the defect concentration as time
evolves clearly indicates that the aggregation process induces
ordering not only between nearest neighb@rsl), but also
154 _ between well-removed cluste(g>1). It is remarkable that,
for times beyond the scaling timgs.~ 100 9, the curves
saturate and the topological ordering of the froth arrives at a
stationary state.
j This behavior can be better observed if we represent the
asymptotic value of the proportion of defectsas a function
FIG. 9. Dependence of the average topological ché@pon  Of time (see Fig. 11 Unfortunately, our simulated data go up
the topological distancgfor DLCA simulations with¢s=0.06 after ~ to topological distancep<15 and we do not have valuable
the scaling timésquare symbo)sThe straight line is the theoretical information at larger distances. This is mainly because of the
prediction{Q;)=-u,(a-2)j. poor statistics that we have for such large distances, espe-

Ny
S
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FIG. 11. Asymptotic value of the proportion of defects as a  FIG. 12. Time evolution of the slop€ of (K;) for the five

function of the aggregation time for the five studied surface packingstudied surface packing fractions. After the scaling tihelso has
fractions. After the scaling timé reaches a final stationary value 3 constant value.
(dashed lines are only guides for the eyes

By using the simulated values d¥f, u,, anda into ex-

: R ression26) we can calculate theoretically the average num-
mally for long aggregation times, where the number of CIUS'per of sri(de; lost in the defective cells Tﬁle behaviorgofn
ters is ??;]all and Itht'e anbalysE bec?rr:‘?s affeftthed b}’] ttt;]e Zo?naoes not show clear tendencies with aggregation time or par-
aries of the simuiation box. Nevertneless, although the detegt density. On the contrary, it remains roughly constant for

concentration shown in Fig. 10 does not reach completely, ihe studied situations and is given by=1.2+0.1.
this asymptotic value, there is a clear trend that points out the Finally, we study the behavior of the Sloiﬁ_E obtained

existence of a constant value for large enough topologicajlrom the fitting of (K;) in the asymptotic limit. The results

i i i i i i
distances. This constant value is rather logical since there e shown in Fig. 12 for the five studied particle densities

c;l?gsr?re\/r\l/gerg%t:vﬁ%nr:géesrhglsgﬁgzt]hewrr]:g oanzi:r?izalfrg%nd times before and after the scaling. Again we observe
- . = . _different behavior between the early stages of the aggrega-
behavior _for the proportion of defects is obgerved and a fin ion (whereC decreases monotonically with and the final
asymptot!c stab|l_|zqt|on is found. In .th's respe_ct, our tationary value found in the scaling regime. Particulatly,
asymptotic value is in fact an extrapolation of the simulate akes values close to 11 at the beginning of the coagulation

data for larggj. and decays to a final value that is smaller at higher particle

In order to estimate this parameter, the simulated dat%oncentrations{from C=9.57 for ¢,=0.005 toC=8.82 for
have been fitted according to the following empirical law: $.=0.1) ' s '
S_ . .

The quantityCj can be understood as the average perim-
eter of aj layer. For perfect spherical layers the value®f
should be 2r=6.28. However, th€ values calculated from
the DLCA computer simulations are always higher at all ag-
gregation times and particle densities, which is evidence for
the roughness of the shell structure, due not only to the fact
that the cells do not form a smooth circle, but also to the
presence of topological defects. Indeed, shell structures with
many defective cells will have layers of larger perimeter and
tings and the value for the paramefewas 1.6+0.1 for all  higher values ofC. This fact establishes a connection be-
times and surface packing fractions. tweenC and the defect concentration(C decrease with\).

What we obtain is a plot which resembles the one ob-Therefore, the long-range topological order induced by the
tained foru, (cf. Fig. 4); i.e., A decreases with the aggrega- aggregation process is also the responsable of the decrease in
tion time for t<ty. and becomes constant for-t. Once C with t during the prescaling regime.
more the arrangement provoked by the aggregation is more The comparison between the simulated resultsCfand
important for higher particle concentrations: the averagehe theoretical prediction given in E(R5) for froths uncor-
value found in the scaling regime decreases as we increaselated after the second layer is generally in good agreement.
the surface packing fraction up ¥;=0.1. As discussed in Although some departures are observed between simulated
Sec. IV A for u, anda parameters, the decrease of the num-data and theory, they are mainly due to statistical errors in
ber of defects at all topological distances also accounts fothe determination in the parameters involved in such expres-
the fact that fractal cluster growth at high particle concentrasion. It proves tha€ is not an independent variable, but it is
tions leads to stronger density modulation of the system andttached to the values g@f,, a, andA. Similar dependences
so to more structured close-packed structegsideal hex- have been observed throughout this work for several topo-
agonal froth hagt,=0, a=0 andA =0). logical quantities, asK,(n), Ks(n), and Q). Since the

Al_A
._ p’
()
Jo

whereA is the asymptotic value fgr>1, A, is the percent-
age of defects for the first layer, amgand j, are fitting
parameters. The regression coefficient wz.99 in all fit-

(29)
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asymptotic value of the defect concentratitns also linked  gation proceeds. Specifically, clusters tend to adopt a more
to the global disorder in the frotfset by u,), we conclude ordered hexagonal organization in the plane, which topologi-
that all the short- and long-range topological properties in theally means a reduction in both the second central moment
system of aggregating clusters are controlled by the screemf the number of sides distribution, and the proportion of
ing factora and the second central moment Both param-  defectsA. This ordering is more important for higher particle
eters are mean-field properties that characterize the globdknsities, where the already small free space existing be-
disorder and the correlation between nearest-neighbor clusween growing clusters becomes rapidly shrunk due to the
ters, but do not inform anything about the long-range strucfractal growth. This ordering finishes as soon as the scaling
ture. Thus, we find the surprising fact that the long-rangeof the cluster-size distribution is reachét>t.). Since all
order is determined by average properties involving onlythe studied topological propertig®(n), u,, a, (Kj), (Q)),
single-cell and nearest-neighbor correlations. and A] remain constant in this final scaling limit, it can be

In our opinion, the fact that the long-range correlationsregarded as a topological-invariant state. We also found that
are determined by average properties as the second centggke whole coagulation proceéafter and before the dynamic
momentu, and the paramete is basically a consequence scaling lies in a universal topological class independent of
of the lack of cell-cell correlations for topological distancesthe particle concentration, given by the general relation
beyond the second concentric laygr- 2. It allows us to g~ ;%8
express the topological properties fpr-2 as functions of After the comparison of the simulated data and the theo-
the properties fof <2, which are mainly given by, anda.  retical expressions, we concluded that colloidal aggregation
One good example of this may be seen in the study of thén two dimensions is only able to produce short-range inter-
average topological charg;) [see Eqs.(18), (19), and  cluster correlationgup to the second layer of clusters around
(20)], where the lack of cell-cell correlations fpr-2 leads  a central onej=2) even for the very high packing fraction of
to an expression fofQ;) only in terms of the properties of particles. However, the ordering is manifested in the whole
cells with j <2, ask,(n) and(Q,), which, in turn, are given shell structure at any topological distance in terms of a de-
in terms of u, anda. For such froths where the topological crease of the proportion of defective cells. Finally, we
correlations reach larger distances, this simple scheme wiftbtained that the main topological property that controls the
not hold any more and a more sophisticated description wilHegree of structuring at short and long intercluster distances
be called for. is the second central momemns, which is a measurement of

It should be note that these results obtained for twoihe global order in the whole system.
dimensional(2D) cluster-cluster aggregation cannot be, in  Future investigations will involve the study of the area
principle, extrapolated to other types of space-filling struc-distribution of the cellP(A) [defined aP(A)=X_;P(n,A)]
tures. For instance, the correlations between cells can be inof a system of clusters under coagulation in two dimensions.
portant even fof > 2, and then all the theoretical expressionsParticularly, it would be interesting to know the time evolu-

shown above will break down. tion and scaling properties in the long-time scaling state.
Moreover, since each cell corresponds to a colloidal cluster
V. CONCLUSIONS formed by a certain number of particlesone could con-

struct the distributiorP(n,A,i), as the probability of finding

We studied the time evolution and topological propertiesan n-sided cell with areaA that contains a clusters of size
of computer-simulated two-dimensional aggregating system$he correlation between these three variables will give us a
for several surface packing fractions of particles. We asdirect relation between kinetic featuréhat comes through
sumed the simplest case of freely Brownian diffusive stick-i) and the topological oneg and A). Finally, in a logical
ing particles without interactioneDLCA). The topological step forward, it is highly interesting to extend the topological
properties have been measured with the help of the Voronaind structural description to three-dimensional aggregating
construction, which replaces the original system of aggregatsystems of dense colloidal suspensions and to colloidal sys-
ing clusters by an equivalent system of convex nonoverlaptems with interacting particles as those with long-range
ping regiondcells) that completely tessellate the plane, eachparticle-particle repulsive interactions. Note the difference
cell representing a single cluster of the system and its subetween our results and earlier results in[3B,14], where it
rounding depletion zones. The study of the correlations beis found that, after the depletion region, the particle-particle
tween nonadjacent cells was achieved by analyzing the sysorrelation function tends to 1 after reaching the nearest-
tem as structured in concentric layers around a given centraleighbor clusters, without further oscillations in this function
one. This method allows us to go beyond the internal fracta{besides those coming for the statistical uncertaintikds
structure of the clusters and to study the external interclustgsossible that the clusters in 3D, due their ability to interpen-
properties. Indeed, it determines the short- and long-rangetrate more easily without touching6], “feel a lower repul-
spatial organization and the cluster-cluster “interactions” in-sion between them,” while in 2D the greater “repulsion”
duced by the mutual competition between neighboring deplewould make the clusters to become more ordered, increasing
tion regions that occurs when the fractal-like clusters fill upin this way theé to a value equal 2. Or perhaps the absence
the whole space. of further oscillations is due to having considered the

We found that the topological aspects of the aggregatiomparticle-particle correlations function and not the cell-cell
are strongly connected to the kinetic ones. In all cases, weorrelations as in the present work. All this merit a similar
obtained a continuous ordering of the cell structure as aggrestudy for the three-dimensional case, as stated above.
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